Integration by Parts

8. INTEGRATION BY PARTS

1. Integration by Parts. Examples

Let the functions f (x),g(x),f'(x),g'(x) be continuous on an
interval [a,b]. Then

j (x)dx jf
= f(x)g(x)-Jg(x) T ()

(1) judv=uv—jvdu,
where u = f (x), dv=g'(x)dx are the parts of the integrand.

The formula (1) applies for integrals such as:
[P (x)edx, [P, (x)sinkxdx, [P, (x)coskxdx,

where Pn(x) Is a polynomial of x of power n and k is a constant.

The evaluation of such kind of integrals includes:
a) the variable u to be the polynomial, i.e.u =B, (x);

b) applying of formula (1) n-times.

j P Inxdx j P arcsmxdx j P arccosxdx

J.Pn (x)arctgxdx, an (x)arcctgxdx,

where Pn(x) iIs a polynomial of x of power n. The evaluation
includes:

a) u=f(x)=PR,(x);

b) applying of formula (1) .

J.eax cos bxdx, _[eax sinbxdx

where a,b are any constants. The evaluation includes:
a) u=coshx or u=sinbx;
b) applying of formula (1) two times.
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Maple commands.

It is easy to see the process of evaluating integrals by parts with

the subprogram
>with (student) :

and the command
>intparts(A,u));
where A is the integral
>A:=Int(f,x);
and the function u is defined by the rules 1) + 3).
It is also good to use the command simplify for clearness of
the results.

Example. Evaluate the integral:
l, = I(6x—3)sin2xdx.

Mathematical Solution.
6X—3=U= du =6dx

jsiandx = jdv:> V= —%COSZX =

|, = I(Gx—B)d (—ECOSZXJ =
| — 2
u .

'
Vv

:(GX—3)(—£COSZXJ— (—lcoszxjd(6x—3):
2 o 2 ——
u \ . /

V” V” u
\Y \Y
o

= (6x —3)(—%cos ZXJ — —%cos 2X.6dX =

:—6X2_30052x+§sin2x+c.

Solution with Maple.
>I[1l] :=int ((6*x-3) *sin(2*x) ,x) ;

l, == gsin(Zx) —3xcos(2x)+gcos(2x)

Detailed Solution with Maple.
>with (student) :
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>A:=Int ((6*x-3) *sin (2*x) ,x) ;
A= J(6x—3)sin(2x)dx
>J:=simplify(intparts (A, 6*x-3)) ;

J = —6X_3cos(2x)+3jcos(2x)dx -

The evaluation of the integral J; = 3Jcos(2x)dx is as usual:
>J[1l] :=int (3*cos (2*x) ,x) ;

J; ::%sin(Zx)
The solution is:

I, =— 6X2_3cos(2x)+ J, =

—_ 6X2_3cos(2x)+§sin(2x) +C.

Example. Evaluate the integral:
l, :J(x+2)cosxdx.

Mathematical Solution.
I, = I(x+ 2)d (sinx) =(x+2)sinx—jsin xd (X +2)

:(x+2)sinx—J.sinxdx:(x+2)sinx+cosx+C.

Detailed Solution with Mape.
>with (student) :
>A:=Int ((x+2) *cos (x) ,x) ;

A= j(x+ 2)cos(x)dx
>J:=simplify(intparts(A x+2));

J = x+2 sm jsm
>J[1]:—1nt(51n(x) x);
Jy :=—cos(x)

The solution is:
I, =(x+2)sinx—J; =(x+2)sinx+cosx+C.

Solution with Mape (checking).
>A:=int ((x+2) *cos (x) ,x) ;
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Example. Evaluate the integral:
|, = Ixz sin xdx

Mathematical Solution.
U= x> = du = 2xdx

_ =
jdv:jsmxdx:w:—cosx
14 :jﬁsinxdx:jéid(—cosx):

dv v

— X’ COSX + jcos xd (xz) = —x%COS X + jcos X.2xdX =

U=X=du=dx
_ =
jdv:jcosxdx:v=5|nx
l; = —x* cosx+2j3§d(sinx):
u H_J

\Y

—_x? cosx+2[xsinx—_[sin xdx] =

= —x%COS X+ 2XSinX+2cosx +C .

Detailed Solution with Maple.
>with (student) :
>A:=Int (x*2*sin(x) ,x):
>J:=simplify (intparts (A,x"2));
J :=-x"cos(x)+ jcos(x)Zxdx
>B:=2*Int (cos (x) *x,x) :
>J[1] :=simplify (intparts (B, x)) ;
Ji: 2xsinx—2jsin Xdx
>J[2] :=int (2*sin (x) ,x) :
J, :=-2c0s(x)
The solution is:
|, = —x?COS X+ 2XSinX +2c0s X+ C

Example. Evaluate the integral:
l, = je‘zxco s xdXx.
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Mathematical Solution.

u=e*=du=-2e*dx
f—

jdv:Jcosxdx:w:sinx

l, =Ie‘2Xcosxdx=je > d(sinx) =
—_— v

—
u dv v

—eXgin x—Jsin xd (e‘zx) —eXsinx+ stin xe X dx =
—_— — —

\' u

u=e?* = du=-2e*dx

_ =
_[dv=jsmxdx:>v:—cosx

|, =e sinx+2je‘2xd(—cosx):
A,—J %/_/

u
\'

—e ?*sinx—2e % cos x + chosxde‘zx =\
A= 2X —2X —2X i
—e “*sinx—2e cosx—4je sinxdx =
—2X i —2X
I, =e°"sinx-2e “"cosx—-4l, =
1 _ .
Iy =e ?*(sinx—2cosx)+C.

Detailed Solution with Maple.

>with (student) :

>A:=Int (exp (-2*x) *cos (x) ,x) :

>J:=simplify(intparts (A,exp(-2*x)));
J:=el™®) sin(x)+ ZI o7 sin(x)dx

Then
3 :=esin(x) +J,.

Evaluation J;:

>B:=2*Int (exp (-2*x) *sin (x) ,x) :

>J[1] :=simplify (intparts (B,exp(-2*x))) ;
J, = —2e(_2X)cos(x) - 4je(_zx) sin(x )dx

Thus,
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J=el™®) sin(x)— 2e(_2X)cos(x)—4J .
It follows that
J ::%e(_zx)(sinx—2cosx)+c.

Solution with Maple (checking).
>J:=int (exp (-2*x) *cos (x) ,x) ;

Example. Evaluate the integral:

2
X
X% +a’

Remark. This integral is called “100 000 in connection with the
fact that 100 000 students have not passed the mathematical exam on
integrals because of this integral.

Mathematical Solution.

U=X=du=dx

1 1
<J‘dv:j‘ﬁdx=§jmd(xz+az)>:
1

X N P
- 2(x2+a2)+2 (x2+a2)x

=— X + 1arctg§+C.

2(x2+a2) 2a a
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Detailed Solution with Maple.

>with (student) :

>A:=Int (exp(-2*x) *cos (x) ,x) :
>J:=simplify(intparts (A,exp(-2*x))) ;
277

1) Evaluate the integrals:

lg = [arctg/2x —1dx,

I, = [In(4x? +1)dx,

2eXdx,

e3* sin2xdx,

I = Isinln Xdx.

Mathematical Solution of 1.

arctg~/2x — 1 u=
2 1

du = =——dX|=

1+(\/7) 2\/2x 2X4/2x -1
de:jdv:v:x
lg = xarctgv2x—1 jx —————0x=

2x\/2x 1
= xarctg\/2x—l—j— =
2\2x -1

= Xarctg/2x — —%\/Zx—1+C

Solution with Maple of Ig.
>I[6] :=int (arctan(sqgrt(2*x-1)) ,x);
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I6::%(2x—1)arctg( 2x—1)—%\/2x—1+%arctg( 2x—1)

Solutions with Maple.
>I[7] :=int (1n (4*x*2+1) ,x);

l, = xln(4x2 +1)—2x+arctan(2x)
>T[8] :=int (x*2*%*exp (x) ,x) ;
lg := x“e* —2xe* + 2¢*
>I[9] :=int (exp (3*x) *sin (2*x) ,x) ;
2 (3x) 3 (3%) ;
o ;=——e"""/cos(2x)+—e' "/ sIn(2X
o ==z cos(2x) + = e sin(2x)

>I[10] :=int(sin(1ln(x)) ,x);

lyp = —%cos(ln(x))x+%sin(ln(x))x

2) Evaluate the integrals:
l,, = [ X2 sinxdx,

I, = | XInxdx,
.
l,, = | x°e* dx,

1,5 = [€¥*(sin2x - cos 2x) dx,

l1g = 'x(arctgx)z dx,
[ x.arctgx

J 1+ x°
. 2
xarctox
J 1+X
" arcsin/x
hgz '——I—iidX,
J —X

1o = | x*e* sinxdx,

dx,
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|,y :jln(x2 +2)dx,
1 =J‘x2 In(1+x)dx.

Evaluate the integrals:
|5 = [arctg+/xdx,

l,, = [e**cosxdx,

s = | In® xdx,
(" In x
X

1) Explain the idea of integration by parts.
2) How you can definite the function u for integration by parts?

3) Explain the meant of the Maple commands:

with (student) :
A:=Int(f,x);
intparts(A,u)) ;
simplify



